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Abstract 
Mathematical representation plays an important role in solving geometry problems because students need to 
coordinate information across different forms of representation. This study aims to describe the characteristics 
and patterns of students’ mathematical representation errors in solving circle problems. A descriptive qualitative 
approach was employed with 23 Mathematics Education students from one class. Data were collected through 
an essay test involving visual, symbolic, and verbal representations and analyzed to identify error characteristics 
and relationships among representations. The results revealed five main types of errors: visual representation 
errors; visual-to-symbolic transformation errors; errors in constructing and manipulating symbolic 
representations; errors in selecting appropriate concepts or symbolic representations; and verbal 
representation errors. The findings further indicate that, in several responses, errors continued across 
representations, particularly when inaccurate interpretation of geometric information was carried over into 
symbolic representations and verbal explanations. These findings suggest that effective problem solving in circle 
topics depends not only on the accuracy of individual representations but also on students’ ability to coordinate 
information across representations. Therefore, analytic geometry instruction should explicitly engage students 
in constructing, translating, and examining relationships among visual, symbolic, and verbal representations. 
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Abstrak 
Representasi matematis memainkan peran penting dalam menyelesaikan masalah geometri karena siswa perlu 
mengoordinasikan informasi dalam berbagai bentuk representasi. Penelitian ini bertujuan untuk 
mendeskripsikan karakteristik dan pola kesalahan representasi matematis mahasiswa dalam menyelesaikan 
masalah lingkaran. Penelitian ini menggunakan pendekatan deskriptif kualitatif dengan melibatkan 23 
mahasiswa Pendidikan Matematika dari satu kelas. Data dikumpulkan melalui tes esai yang melibatkan 
representasi visual, simbolik, dan verbal, kemudian dianalisis untuk mengidentifikasi karakteristik kesalahan 
serta hubungan antarreprentasi. Hasil penelitian mengungkapkan lima jenis kesalahan utama, yaitu: kesalahan 
dalam representasi visual; kesalahan dalam mentransformasikan representasi visual ke simbolik; kesalahan 
dalam menyusun dan memanipulasi representasi simbolik; kesalahan dalam memilih konsep atau representasi 
simbolik yang tepat; serta kesalahan dalam representasi verbal. Hasil penelitian juga menunjukkan bahwa pada 
beberapa respons, kesalahan berlanjut dari satu bentuk representasi ke bentuk representasi lainnya, terutama 
ketika interpretasi yang tidak tepat terhadap informasi geometris terbawa ke dalam representasi simbolik dan 
penjelasan verbal. Temuan ini menunjukkan bahwa pemecahan masalah yang efektif pada materi lingkaran tidak 
hanya bergantung pada ketepatan setiap representasi secara individual, tetapi juga pada kemampuan 
mahasiswa dalam mengoordinasikan informasi antarreprentasi. Oleh karena itu, pembelajaran geometri analitik 
perlu secara eksplisit melibatkan mahasiswa dalam membangun, menerjemahkan, dan mengkaji hubungan 
antara representasi visual, simbolik, dan verbal.  

Kata kunci: geometri analitik, lingkaran, representasi matematis, kesalahan representasi 

INTRODUCTION 

Mathematical representation is an essential component of mathematics learning 

because it enables students to construct, organize, and communicate mathematical ideas 

through multiple forms, including visual, symbolic, and verbal representations. The 
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appropriate use of these representations can support conceptual understanding and facilitate 

the development of strategies for solving mathematical problems (Erbilgin & Gningue, 2023; 

Thompson & Chappell, 2007). Representation also serves not merely as an outcome of 

mathematical thinking but as a means for exploring, monitoring, and developing problem-

solving strategies (Stylianou, 2011). The ability to coordinate different representations further 

supports students in developing flexible understandings of mathematical relationships 

through processes of abstraction and generalization (Erbilgin & Gningue, 2023). These 

perspectives position mathematical representation as an integral part of constructing 

mathematical understanding rather than as a separate skill applied after conceptual learning 

has taken place. 

Representation is particularly important in geometry because geometric objects and 

relationships involve multiple forms. Visual representations support spatial identification, 

while symbolic and verbal forms formalize and communicate relationships. Students’ 

representation use is associated with cognitive and visuospatial abilities; reflective students 

show greater capacity to construct and translate representations (Rahmah et al., 2019), while 

students with stronger visuospatial abilities have been able to construct visual models despite 

experiencing difficulties in verbalizing their conclusions (Jumiarti et al., 2025). Thus, geometric 

competence involves coordinating representations within the same reasoning process. 

Circle problems provide an ideal context for examining mathematical representations, 

as they require coordinating visual geometric information—such as centers and radii—with 

symbolic equations and verbal explanations. Visualizing these features supports their 

subsequent mathematical formalization (Magro & Valente, 2021). Consequently, solving 

these problems demands continuous consistency across representations rather than mere 

formula application, making the circle context perfect for studying how students construct 

and translate mathematical ideas in analytic geometry. 

Coordinating representations also creates opportunities for errors when students 

construct diagrams, interpret information, identify centers or radii, select concepts, 

manipulate symbols, or explain reasoning. Previous studies report comprehension, 

transformation, process-skill, conceptual, computational, and strategic errors (Hajizah & 

Salsabila, 2024; Imswatama & Muhassanah, 2016; Puspita et al., 2025), as well as difficulties 

decoding information and persistent conceptual and procedural difficulties in geometry 
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(Hajizah & Salsabila, 2024; Listiani, 2019; Umar, 2025). However, these previous studies have 

predominantly focused on classifying errors into isolated categories such as conceptual versus 

procedural difficulties without sufficiently examining the interconnections among these 

errors across different representational forms. 

While existing literature documents isolated geometry errors, a gap remains in 

understanding how an error in one representation cascades into another in circle problems. 

This study addresses this gap by viewing representations as interconnected cognitive 

processes. We define "visual representation" as the spatial construction of figures, "symbolic 

representation" as their translation into algebraic equations, and "verbal representation" as 

written explanations of reasoning. This selection is grounded in the theory that robust 

mathematical understanding requires fluid translation among visual, symbolic, and verbal 

modes (Erbilgin & Gningue, 2023). 

This study moves beyond isolated error categories to trace how inaccuracies cascade 

across representations. By examining these cross-representational patterns, the study aims 

to uncover their pedagogical meanings and propose concrete, evidence-based instructional 

strategies for coordinating multiple representations. 

METHODS 

This descriptive qualitative study analyzed how students construct and coordinate 

visual, symbolic, and verbal representations when solving circle problems. Conducted in May 

2026 at a university in Kolaka, Indonesia, the study involved 23 sixth-semester Mathematics 

Education students enrolled in a Plane Analytic Geometry course. Using total sampling, all 23 

written responses were analyzed to describe error characteristics and their cross-

representational relationships. 

Data were collected using an open-ended representation test based on indicators 

relevant to circle topics. The instrument consisted of two main problems designed to elicit 

cross-representational processes. Question 1 required students to (a) visually represent 

points A and B on a Cartesian plane and construct a circle using segment AB as the diameter, 

(b) determine the center and radius based on the constructed image (visual-to-symbolic 

transformation), and (c) determine the circle's equation (symbolic). Question 2 required 

students to (a) determine the general equation of a circle given its center and a point it passes 

through (symbolic), and (b) explain the steps taken to find that equation (verbal).  
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This structure enabled the analysis of errors within and across representations. A 

response was categorized as an error in a specific representation if the student failed to meet 

the required indicator (e.g., an incorrect diagram for visual, an incorrect equation for 

symbolic, or an illogical explanation for verbal). Before data collection, experts validated the 

instrument for alignment with representation indicators, circle content, and study objectives. 

Validation ensured that the test elicited the required visual, symbolic, and verbal 

representations.  

The revised instrument was administered to 23 participants, whose responses formed 

the primary data. To ensure analytical transparency, the qualitative data was first reduced by 

identifying inaccuracies in students' answers. Next, open coding labeled specific errors, which 

were then grouped based on shared characteristics. This iterative process yielded five main 

error types: visual representation, visual-to-symbolic transformation, symbolic construction 

and manipulation, concept or symbolic representation selection, and verbal representation 

errors.  

Relationships were then traced to determine whether errors at one stage appeared in 

subsequent representations. To define a 'cascading error' (cross-representational error), clear 

criteria were established: an error is considered cascading if the incorrect output from one 

representational stage (e.g., a wrong center coordinate derived visually) is directly used as 

the input for the subsequent stage (e.g., substituting that wrong coordinate into the symbolic 

equation), rather than being a new, independent computational mistake. 

To ensure the trustworthiness and analytical consistency of the qualitative findings, 

several strategies were employed. Data triangulation was conducted by cross-examining 

students' written responses across the different items (Question 1 and Question 2) to observe 

the consistency of their representation choices and error patterns. Interpretation relied on 

observable diagrams, expressions, calculations, and explanations. Because no interviews 

were conducted, interpretations were limited to patterns evident in written work. 

RESULTS AND DISCUSSION 

Overview of Mathematical Representation Errors 

Analysis of the 23 students’ written responses identified five main types of 

mathematical representation errors in solving circle problems: (1) visual representation, (2) 
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visual-to-symbolic transformation, (3) symbolic construction and manipulation, (4) concept 

or symbolic representation selection, and (5) verbal representation errors. These errors 

occurred at various stages, from interpreting geometric information to formulating equations 

and explaining solutions. The distribution of these errors among the participants is 

summarized in Table 1. 

Table 1. Summarizes The Frequency of These Error Categories Across The 23 Participants 

Error Type Identified Subjects Frequency (n) Percentage (%) 

Visual Representation 
M1, M3, M5, M6, 

M14, M15, M16, M20 
8 34.8 

Visual-to-Symbolic 

Transformation 

M1, M3, M5, M6, 

M14, M20 
6 26.1 

Symbolic 

Construction/Manipulation 
M1, M8, M21, M22 4 17.4 

Concept/Symbolic 

Representation Selection 

M2, M4, M7, M9, 

M10, M11, M13, 

M14, M17, M23 

10 43.5 

Verbal Representation 
M3, M5, M6, M9, 

M14, M22 
6   26.1 

As shown in Table 1, errors in selecting appropriate concepts or symbolic 

representations were the most frequent (43.5%). This was followed by visual representation 

errors at 34.8%. Errors in visual-to-symbolic transformation and verbal representation each 

occurred in 26.1% of the responses. Finally, errors in symbolic construction and manipulation 

were the least frequent, appearing in 17.4% of the responses.  

Beyond these frequencies, analysis revealed that earlier inaccuracies often cascaded 

into subsequent representations. This reinforces that mastering mathematical representation 

requires coordinating meaning across forms rather than producing them in isolation (Erbilgin 

& Gningue, 2023). Therefore, circle problems demand consistent geometric information from 

visual construction to symbolic and verbal explanations. 

Errors in Visual Representation and Its Transformation into Symbolic Form 

Visual representation errors involved misinterpreting geometric elements like points, 

centers, and radii. These inaccuracies frequently cascaded into symbolic representations 

when students used flawed diagram data to formulate circle equations. Figure 1 illustrates 

this pattern in M14’s response to Question 1. The error here meets the criteria for a cross-
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representational error because the incorrect center and diameter derived from the visual 

stage were explicitly transferred and used as inputs for determining the radius and 

formulating the circle equation in the symbolic stage. 

 
Figure 1. Visual and Visual-to-Symbolic Transformation Errors in M14’s Response to Question 1 

 

Similar characteristics were identified in M1, M3, M5, M6, M15, M16, and M20, 

although the specific errors varied. Their responses showed inaccuracies in interpreting or 

using geometric information to determine the center, diameter, or radius. For most of these 

students, these visual inaccuracies carried over into subsequent symbolic representations. 

However, M15 and M16 presented a unique case: they made visual errors but avoided visual-

to-symbolic transformation errors. This occurred because they bypassed their own flawed 

diagrams entirely, relying instead on the textual information from the problem prompt to 

formulate their equations. This indicates a disconnected use of representations, where 

students treat drawing merely as a formal requirement rather than a functional tool for 

symbolic problem-solving. 

M14 exemplifies this: an incorrect center and diameter directly caused a flawed radius 

and circle equation. This proves visual representation is foundational, not merely illustrative, 

as diagram errors persist symbolically.  This aligns with Sudihartinih (2018), who found that 

early misinterpretations of circle elements hinder subsequent solutions. Similarly, 

Sudihartinih & Purniati (2020) reported that students with low geometric thinking view conics 
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holistically without examining elemental relationships, making them prone to construction 

and interpretation errors. 

Visual-to-symbolic transformation errors in M1, M3, M5, M6, M14, and M20 highlight 

difficulties in transferring geometric information without losing mathematical meaning. This 

aligns with Asmar & Delyana (2020) who found students frequently struggle at the 

transformation stage, failing to convert geometric data into correct equations. From a 

cognitive perspective, this suggests a breakdown in translation between spatial-visual 

processing and algebraic reasoning. Solving circle problems requires not only formula mastery 

but also accuracy in transferring the cognitive schema of a geometric object into its 

corresponding symbolic formulation. 

Errors in Symbolic Representation 

Symbolic representation errors took two forms: manipulating expressions (flawed 

substitutions or algebra) and selecting inappropriate concepts. For example, M1 correctly 

identified the center (4,1) but calculated an incorrect radius. Substituting this flawed value 

yielded an incorrect equation, demonstrating how a single mathematical error cascades 

through subsequent symbolic procedures. 

A different symbolic error occurred in M2, M4, M7, M9, M10, M11, M13, M14, M17, 

and M23, who erroneously applied a line equation to a circle problem. As illustrated in Figure 

2, M4 used a two-point line equation instead of deriving the circle equation, demonstrating a 

clear mismatch between the required mathematical object and the selected symbolic 

representation. 

 
Figure 2. Error in Selecting a Symbolic Representation in M4’s Response to Question 2 
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The use of a line equation was also identified in M2, M7, M9, M10, M11, M13, M14, 

M17, and M23. These responses showed the same mismatch between the required 

mathematical object and the selected symbolic representation, although their solution 

procedures varied. 

The two symbolic errors identified—equation manipulation and concept selection—

showed different characteristics and carry different pedagogical meanings. In M1, M8, M21, 

and M22, the issue was procedural; an incorrect radius from an earlier stage led to incorrect 

algebraic manipulation, although the equation structure was correct. This cascading pattern 

is consistent with the findings of Hajizah & Salsabila (2024), who applied Newman’s Error 

Analysis framework to analytic geometry problems and found that transformation errors tend 

to lead to process-skill and encoding errors because the initial information error carries 

through to the final solution. 

However, concept-selection errors (e.g., using a line equation instead of a circle 

equation) are more fundamental. Pedagogically, this indicates a conceptual difficulty in 

recognizing the defining characteristics of mathematical objects, rather than merely a 

computational mistake. Students experiencing this error likely view formulas as 

interchangeable procedural tools rather than symbolic representations of distinct geometric 

forms (a line versus a circle). Imswatama & Muhassanah (2016) similarly found conceptual 

errors among mathematics education students involving difficulties distinguishing the 

characteristics and solution procedures of lines and circles. From a semiotic representation 

perspective, Ramadani et al. (2025) also showed that representation errors may originate 

from inaccurate interpretation of a geometric object before it is expressed symbolically. Thus, 

these errors suggest that some students had not fully understood the distinctive 

characteristics of the circle equation, particularly the center and radius as its determining 

parameters, compared with the linear equation. 

Errors in Verbal Representation and Inconsistency Across Representations 

Verbal representation errors involved incomplete, irrelevant, or inconsistent 

explanations, which sometimes occurred despite correct procedural steps. This highlights 

varying abilities in communicating mathematical reasoning. For instance, M3 listed steps 
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without explaining their relationships, M5 included unnecessary procedures, and M6 lacked 

underlying reasoning. Conversely, the verbal explanations of M9, M14, and M22 directly 

reflected their earlier conceptual or symbolic inaccuracies. 

Figure 3 illustrates inconsistency in mathematical representation within M13’s 

responses to Questions 1 and 2. M13 used a line equation in Question 1 but a circle equation 

in Question 2 and obtained an appropriate result. This contrast indicates that the student’s 

representation choices were inconsistent across problem contexts. 

  
 

Figure 3. Inconsistency in Mathematical Representations Use in M13’s Responses to Questions 1 and 2 
 

Verbal errors—such as incomplete (M3), irrelevant (M5), or insufficiently reasoned 

explanations (M6)—demonstrate that communicative and procedural abilities do not always 

develop concurrently. This aligns with Reinhold et al. (2020) who noted that verbal reasoning 

contributes distinctly from numerical and spatial abilities. Consequently, some students 

struggle verbally despite symbolic accuracy, while others (M9, M14, M22) merely reflect their 

symbolic inaccuracies in their verbal explanations. 

Furthermore, M13’s inconsistency—applying a linear equation in one context but a 

circle equation in another—shows that accurate representation selection requires 

recognizing specific object characteristics and adapting to problem demands, not just 

procedural mastery. Consistent with Rahmah et al. (2019), this highlights the necessity of 

strengthening representation selection through practice across varied geometric contexts. 
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Cross-Representation Patterns 

Analysis across representations showed that errors could carry over from one 

representation to another. In several responses, visual inaccuracies affected the 

determination of mathematical elements and subsequent symbolic formulations, while 

symbolic errors were reflected in verbal explanations, creating related inaccuracies 

throughout the solution process. 

The most comprehensive pattern appeared in M14, whose response contained errors 

in visual representation, visual-to-symbolic transformation, equation formation, and verbal 

explanation. In contrast, Figure 4 shows M12’s responses to Questions 1 and 2 as an example 

of consistent coordination among visual, symbolic, and verbal representations. Similar 

consistencies were also demonstrated by M18 and M19. M12 correctly determined the center 

as (4,1), obtained 𝑟 = √8, formulated the standard and general circle equations, and 

appropriately explained the solution procedure. 

 

 
Figure 4. Consistent Use of Visual, Symbolic, and Verbal Representations in M12’s Responses to Questions 1 

and 2 
 

The contrast between M14's cascading inaccuracies and the consistency shown by 

students like M12, M18, and M19 across visual, symbolic, and verbal forms demonstrates that 

solving circle problems requires maintaining mathematical meaning across representations, 
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not just mastering them individually. This aligns with Husain et al., (2025) who found that 

technology-supported learning strengthens students' ability to connect and transform 

mathematical ideas across representations. Similarly, Guci et al. (2024) showed that 

coordinating multiple representations yields more coherent solutions, whereas relying on a 

single form increases susceptibility to subsequent errors. From a representation theory 

perspective, cross-representation errors occur because the translation process requires 

cognitive flexibility to map meaning from one semiotic system to another. When the initial 

encoding (e.g., the visual model) is flawed, the subsequent decoding and re-encoding into 

symbols or text will inherently carry that flaw if the student lacks the metacognitive ability to 

monitor and verify consistency across formats. 

These findings suggest instruction must explicitly train students to construct, translate, 

and verify representational connections rather than focus solely on final answers. Because 

weak foundational concepts often carry over into complex problems (Hartini, 2020), 

addressing visual errors early is crucial to prevent subsequent structural mistakes (Inganah et 

al., 2021). Furthermore, interconnecting visual and symbolic forms fosters relational 

understanding over mere procedural memorization (Amir et al., 2021). 

Overall, students’ errors were multi-staged and interrelated—spanning visual 

interpretation, symbolic transformation, and verbal explanation. This highlights the need for 

analytic geometry instruction that integrates algebraic procedures with the explicit 

coordination of multiple representations as a unified mathematical thinking process  (Erbilgin 

& Gningue, 2023; Guci et al., 2024). 

CONCLUSION 

This study concludes that students’ errors in solving circle problems span visual, 

symbolic, and verbal domains—encompassing construction, transformation, selection, 

manipulation, and explanation—and frequently cascade across representations. Applying 

inappropriate models, such as using a line equation for a circle, indicates these errors stem 

from conceptual deficits rather than mere computational mistakes. Ultimately, solution 

quality relies heavily on the student's ability to maintain and coordinate mathematical 

meaning across multiple representations. 

These findings offer concrete instructional implications for Plane Analytic Geometry. 

Rather than treating representations sequentially, instruction should integrate them 
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concurrently. Specific strategies include representation-mapping exercises—where students 

explicitly connect diagram elements to their corresponding algebraic symbols and written 

descriptions—and error-analysis tasks. By evaluating cascading errors (e.g., M14) to pinpoint 

translation breakdowns, these targeted activities foster both procedural accuracy and a 

coherent understanding of the relational structure among mathematical representations 
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